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Atomistic Simulations of Magnetic Amorphous Solids: Magnetostriction,
Barkhausen noise and novel singularities
Ratul Dasgupta, H. George E. Hentschel, Itamar Procaccia and Bhaskar Sen Gupta
We present results of atomistic simulations of a new model of a magnetic amorphous solid sub-
jected to external mechanical strains and magnetic fields. The model employed offers new perspec-
tives on important effects like Barkhausen noise and magnetostriction. It is shown that the plastic
response in such systems exhibit singularities characterized by unexpected exponents requiring care-
ful theoretical reasoning. The spatial structure of the plastic events requires a new coarse grained
elasto-magnetic theory which is provided here.
Our understanding of the mechanical properties of
amorphous solids has received a strong boost from atom-
istic simulations, leading to novel theories of plastic be-
havior in such systems. In particular localized plastic
events could be understood as the appearance of effec-
tive Eshelby inclusions in the elastic matrix [1, 2]. This
relation allows analytic derivations, culminating recently
with a theory of shear localization in amorphous solids,
leading to shear bands and material failure [3, 4]. As long
as only mechanical properties are involved, the nature of
the plastic singularities is now fully understood, being
dominated by a sequence of simple saddle node bifurca-
tions as the material is strained. This leads to a high
degree of universality in the nature of plastic events in
widely different amorphous solids ranging from Lennard-
Jones binary mixtures to metallic glasses [5].
In contrast, atomistic simulations of externally
strained magnetic amorphous solids in the presence of
magnetic fields are at an earlier stage of development.
Theoretical considerations indicate however that new sin-
gularities and richer physics are expected from the pres-
ence of two independent control parameters, mechanical
and magnetic [6]. In this Letter we report on such simu-
lations that indeed appear to present much new physics.
Here we discuss results on athermal quasi-static (AQS)
simulations in two-dimensions. Extensions to 3D and to
finite temperature and finite strain rates will be reported
elsewhere.
The model: The model we employ is in the spirit of
the Harris, Plischke and Zuckerman (HPZ) Hamiltonian
[7] but with a number of important modifications to con-
form with the physics of amorphous magnetic solids [6].
We write the Hamiltonian as
U({ri}, {Si}) = Umech({ri}) + Umag({ri}, {Si}) , (1)
where {ri}Ni=1 are the 2-D positions of N particles in an
area L2 and Si are spin variables. The mechanical part
Umech is chosen to represent a glassy material with a bi-
nary mixture of 65% particles A and 35% particles B,
with Kob-Anderson Lennard-Jones potentials having a
minimum at positions σAA = 1.17557, σAB = 1.0 and
σBB = 0.618034 for the corresponding interacting par-
ticles. These values are chosen to guarantee good glass
formation and avoidance of crystallization. The energy
parameters chosen are ǫAA = ǫBB = 0.5 ǫAB = 1.0 in
units for which the Boltzmann constant equals unity. All
the potentials are truncated at distance 2.5σ with two
continuous derivatives. Particles A carry spins Si; the B
particles are not magnetic.
The magnetic potential needs to be modeled to best
fit a particular material, and different materials will have
somewhat different magnetic interactions. For concrete-
ness we consider here the spins Si to be classical xy spins;
the orientation of each spin is then given by an angle φi.
We also denote by θi(ri) the local preferred easy axis of
anisotropy, and end up with the magnetic contribution
to the potential energy in the form [6]:
Umag({ri}, {Si}) = −
∑
<ij>
J(rij) cos (φi − φj)
−
∑
i
Ki cos (φi − θi({ri}))2 − µAB
∑
i
cos (φi) . (2)
Here rij ≡ |ri − rj | and the sums are only over the A
particles. For a discussion of the physical significance of
each term the reader is referred to Ref. [6]. It is important
however to stress that in our model (in contradistinction
with the HPZ Hamiltonian [7] and also with the Random
Field Ising Model [8]), the exchange parameter J(rij) is
a function of a changing inter-particle position (either
due to external strain or due to non affine displacements,
and see below). We choose the monotonically decreasing
form J(x) = J0f(x) where f(x) ≡ exp(−x2/0.28)+H0+
H2x
2 + H4x
4 with H0 = −5.51 × 10−8 , H2 = 1.68 ×
10−8 , H4 = −1.29 × 10−9. This choice cuts off J(x) at
x = 2.5 with two smooth derivatives. In our case J0 = 1.
Another important difference is that in our case the lo-
cal axis of anisotropy θi is not random, but is determined
by the local structure: define the matrix Ti:
Tαβi ≡
∑
j
J(rij)r
α
ijr
β
ij/
∑
j
J(rij) . (3)
The matrix Ti has two eigenvalues in 2-dimensions that
we denote as κi,1 and κi,2, κi,1 ≥ κi,2. The eigen-
vector that belongs to the larger eigenvalue κi,1 is de-
noted by nˆ. The easy axis of anisotropy is given by by
θi ≡ sin−1(|nˆy|). Finally the coefficient Ki which now
changes from particle to particle is defined as
Ki ≡
5[
∑
j J(rij)]
2(κi,1 − κi,2)2
J0σ4AB
. (4)
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FIG. 1. The change of energy during a quasi-static ramping
of the magnetic field B. The inset shows that the sharp drops
which are plastic (irreversible) events continue to small scales.
This definition guarantees both that Ki has units of en-
ergy and that the contribution due to anisotropy will
vanish when the local neighborhood of the ith particles
is isotropic. This choice of Ki is not unique but rather
represents the essential physics of local anisotropy. The
last term in Eq. (2) is the interaction with the external
field B. We have chosen µA in the range [-0.08,0.08]. At
the two extreme values all the spins are aligned along the
direction of B.
New exponents: to initiate the study of the inter-
esting physics exhibited by this model we show in Fig. 1
how the energy changes when the magnetic field increases
without external strain. The increase of B is done quasi-
statically, performing energy minimization after every
step of increase of B. Reversible smooth changes in the
energy are punctated by (irreversible) drops in energy
which are caused by localized magneto-plastic events. As
usual, these events are associated with an eigenvalue of
the Hessian matrix going to zero, while at the same time
the associated eigenfunction that is delocalized far from
the instability gets localized on n particles where n can
be much smaller and independent of N or it may scale
like Nα depending on the value of B [10]. As stated
above, in amorphous solids subjected to pure mechanical
strains the eigenvalue goes to zero with a characteristic
ν = 1/2 exponent, i.e. λ ∼ (γp − γ)1/2 where γ is the
magnitude of the external strain and γp its value at the
occurrence of the plastic event [5]. Our first interesting
finding is that this is no longer the case here, and ν can
differ from 1/2. In Fig. 2 we show log-log plots of λ vs.
Bp−B close to an instability at Bp, indicating a complex
critical behavior λ ∼ (Bp − B)ν with exponents ν that
can differ from 1/2. For Bp very small and very large (see
for example panel a) the slope in the log-log plot is very
close to 1/2. There is a value of Bp, which we denote as
Bc for which we expect a slope of 3/4. In panel b Bp is
in the vicinity of Bc and ν ≈ 0.71. For 0 < Bp < Bc
and for Bp > Bc we expect a crossover between a slope
higher than 1/2 to a slope 1/2 in the vicinity of Bp.
To understand these results we recall that the eigen-
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FIG. 2. Scaling laws and apparent scaling laws for λ vs Bp−B
for different values of Bp. For Bp very small or very large
(panel a is for large B) we expect and find a slope 1/2. There
exists a value of Bp = Bc where we expec a slope of 3/4, cf.
panel b for Bp close to Bc. Finally, for any other Bp we expect
and find a cross over to a slope 1/2 very near the instability.
value that goes soft belongs to the Hessian matrix H
which in the present case takes on the form [6]:
H =
(
∂2U
∂ri∂rj
∂2U
∂ri∂φj
∂2U
∂φi∂ri
∂2U
∂φi∂φj
)
(5)
The eigenfunctions associated with the eigenvalues λk are
denoted Ψk. In terms of these objects we have an exact
result for the change of λ with B [6]:
∂λk
∂B
|γ = c(b)kk −
∑
ℓ
a
(b)
ℓ [b
(r)
kkℓ + b
(φ)
kkℓ]
λℓ
. (6)
The precise definition of all the coefficients is given ex-
plicitly in Ref. [6]. For the present purpose it is sufficient
3to know that c
(b)
kk , and both bkkℓ cannot be zero or singu-
lar, but on the other hand a
(b)
ℓ may vanish at some value
of B. This coefficient is defined as
a
(b)
ℓ ≡ Ξ(b) ·Ψℓ , Ξ(b) =
(
0
Ξ(b,φ)
)
, Ξ(b,φ) ≡ ∂
2U
∂B∂φ
. (7)
Clearly, when one of the eigenvalues λp goes to zero, Eq.
(6) simplifies to one dominant term
∂λp
∂B
|γ ≈ −a
(b)
p C
λp
. (8)
Where C is a constant when B → Bp. We have checked
that in our system there exists a gap to the next eigen-
value justifying the last equation. Examining our Hamil-
tonian we discover that
a(b)p =
N∑
i=1
sinφiΨ
p
i . (9)
Noting that Ψ(p) gets localized on n ≪ N particles and
that it is normalized, we expect
a(b)p ≈
1√
n
n∑
i=1
sinφi =
√
n〈sinφ〉n , (10)
where the notation 〈. . . 〉n means an average over the par-
ticles on which the eigenfunction is localized. From this
result we conclude that whenever 〈sinφ〉n is not zero, Eq.
(8) will lead to exponent ν = 1/2. Indeed for small B
the spins point out in the quasi-random local anisotropy
axis, and 〈sinφ〉n 6= 0. Also when B is very large, most
of the spins point out in the x direction, but unstable
modes will consist of spins pointing otherwise, so that
again 〈sinφ〉n 6= 0. But for an intermediate value of B,
where the drops in U in Fig. 1 or in the magnetization in
Fig. 4 are largest, the most unstable mode will consist of
spins pointing almost opposite to the applied field, with
φi ≈ π. We thus define the value of B = Bc as that point
for which (in the thermodynamic limit) 〈sinφ〉n = 0. For
Bp in the vicinity of Bc we write φi = π + ∆φi, and
therefore
a(b)p ≈ −
1√
n
n∑
i=1
sin∆φi ≈ − 1√
n
n∑
i=1
∆φi ≈
√
〈(∆φi)2〉n ,
(11)
by the central limit theorem. Since 〈(∆φi)2〉n = 0 at B−
Bc we expect in the vicinity of Bc to have 〈(∆φi)2〉n ∝
(Bc−B). Substituting this in Eq. (8) we get immediately
ν = 3/4 as is seen in the numerics. Note that this result
is only relevant for Bc. At any other value of B we expect
to see ν = 1/2 or a cross over to this value for B → Bp.
Magnetostricton: another interesting physical effect
that warrants much more analysis is magnetostriction.
This effect can be studied in an NPT ensemble as the
change in the volume with changing the magnetic field
or in an NVT ensemble by the change in the pressure. We
0 0.02 0.04 0.06 0.08
B
10.59
10.6
10.61
10.62
10.63
P
-6.525 -6.45 -6.375
log10(Bc-B)
-6.2
-6.16
-6.12
-6.08
lo
g 1
0(P
c-
P)
0.001 0.002 0.003 0.004
B
10.6358
10.636
10.6362
10.6364
P
FIG. 3. Pressure as a function of applied magnetic field. The
magnetosriction coefficient is positive in the present case. Up-
per inset: the fit of the data to Eq. (14). Lower inset: a log
log plot of the pressure vs. B−Bp very near the plastic drop
with a slope 1/2.
chose here the latter and in Fig. 3 we display the pres-
sure P as a function of B in a quasi-static ramp of B.
During smooth sections the magnetostriction coefficient
is positive in our case (in the NVT ensemble the pressure
increases with B) but the pressure is again punctuated by
plastic drops which lead to an overall decrease in pres-
sure. Between the drops the pressure increases with a
tendency towards singularity immediately preceding the
drop. To understand the physics displayed here we recall
that the pressure can be written in our system (at T = 0)
as
P =
1
2V
∑
i6=j
∑
i
fij · rij , rij = ri − rj , (12)
where fij is the force exerted by the jth particle on the
ith particle. Taking the derivative with respect to B,
2V
∂P
∂B
=
∑
i6=j
∑
i
∂fij
∂B
· rij +
∑
i6=j
∑
i
fij · ∂rij
∂B
. (13)
The first term on the RHS is not expected to be singular
when B → Bp, since the derivative there is of the type
of Ξ of Eq. (7) which is never singular. The second
term is singular however at a plastic event, being a non-
affine coordinate change, proportional to H−1 ·Ξ. Near
the plastic event this second term is proportional to the
RHS of Eq. (8), so that for B small or large we expect
P ≈ Pp − C1(Bp −B)− C2
√
Bp −B , (14)
where Pp is the value of the pressure before the plastic
drop, and C1 and C2 positive. A fit to this formula for
Bp ≈ 0.0044 is shown in the insets in Fig. 3, explaining
the shape of the smooth parts and the plastic punctua-
tions in Fig. 3. For Bp close to Bc the new exponent
ν = 3/4 will change Eq. (14) in an obvious way.
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FIG. 4. Hysteresis loop of the magnetization as a function
of magnetic field, including the increase from the freshly
quenched glass, then decreasing the field and increasing it
again.
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FIG. 5. A typical non-affine magnetic displacement field;
shown are ∆Si during the event.
Barkhausen noise: needless to say, our model al-
lows for a detailed study of the Barkhausen noise [9].
In Fig. 4 we exhibit the magnetization as a function of
B. The shorter line represents the change in magnetiza-
tion as B is increased starting from the freshly quenched
glass. Upon saturation, the magnetic field is inverted un-
til the magnetization become -1, where the field is again
increased to display the well known hysteresis loop. The
statistics of Barkhausen noise was studied extensively in
the context of the Random Field Ising Model with strong
claims for universality [11]. The model proposed here
promises excellent testing grounds of such claims within
a model of actual amorphous solids with magnetic prop-
erties.
Coarse grained model: Finally we should comment
on the interesting subject of the non-affine displacements
in this model and how to provide a theory for them. In
amorphous solids undergoing purely mechanical loading
the plastic events are well described by the Eshelby the-
ory, being quadrupolar in 2D with obvious generaliza-
tion to 3D. In the present case the mechanical part of
the non-affine displacements are still quadrupolar as ex-
pected from the Eshelby theory, but the magnetic non-
affine changes are totally different, and may display mag-
netic topological singularities. An example of a typical
event that displays ∆Si in a plastic event is shown in Fig.
5. To create the analog of the Eshelby theory for those
we need first to generalize the Lame´-Navier equations to
the present case. A convenient starting point is the free
energy functional
F =
∫
dxdy
[
µ(uik − 1
2
δikuℓℓ)
2 +
1
2
κu2ℓℓ −K(mini)2
−b
(
uik − uℓℓ
2
δik
)
mimk +
a
2
(
∂mi
∂xk
)2
−B mx
]
, (15)
where µ and κ are the shear and bulk moduli and b is the
anisotropic magnetoelastic coupling term. n is a random
vector field representing the local anisotropy. The cou-
pling constant a represents the exchange interaction. For
an xy model mx = cos θ and my = sin θ. Substituting
and following the Euler-Lagrange procedure one ends up
with the generalized Lame´-Navier equations
µ
(∂2ux
∂x2
+
∂2ux
∂y2
)
+ κ
∂
∂x
(∂ux
∂x
+
∂ux
∂y
)
= k
[
cos 2θ
(∂θ
∂y
)
− sin 2θ
(∂θ
∂x
)]
(16)
µ
(∂2uy
∂x2
+
∂2uy
∂y2
)
+ κ
∂
∂y
(∂ux
∂x
+
∂uy
∂y
)
= k
[
cos 2θ
(∂θ
∂x
)
+ sin 2θ
(∂θ
∂y
)]
(17)
a
( ∂2θ
∂x2
+
∂2θ
∂y2
)
= k
[(∂ux
∂x
− ∂uy
∂y
)
sin 2θ −
(∂ux
∂y
+
∂uy
∂x
)
cos 2θ
]
+ B sin θ +K sin 2(θ − η(x, y)) , (18)
With η(x, y) being the angle of the local easy axis that
varies randomly. The first two equations simplify to the
standard Lame´-Navier equations when k = 0. The geo-
metric characters of the nonaffine plastic events are de-
termined by these equations.
In summary, we have offered a new model for an amor-
phous solid with magnetic interactions. The results of
this Letter indicate a number of interesting aspects of
this model that are extremely worthwhile and promise
new physics. It is our aim to elucidate all these aspects
in full detail in forthcoming publications.
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